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ABSTRACT

For every prime number k, we give an explicit construction of a complex
k-dimensional space X, with projection constant y(X,)= Vk-1/Vk+1/k.
Moreover, there are real k-dimensional spaces X, with y(X,)= Vk—1 for a
subsequence of integers k. Hence in both cases y(X,)/Vk— 1 which is the
maximal possible value since y(X,)= Vk is generally true.

If X 1s a closed subspace of a Banach space Y, the relative projection constant
of X in Y is defined by

y(X, Y):=inf{||P||| P: Y = Y is a projection onto X},
and the projection constant of a Banach space X by
y(X):=sup{y(X, Y)| Y is a Banach space containing X as a subspace}.

In the case of finite-dimensional spaces, we indicate the dimensions of the spaces
by subscripts. Thus X C Y, means a k-dimensional subspace of an n-
dimensional space, k = n. It is well-known that y(X,)= Vk. In the case that
both spaces Xi C Y, are finite-dimensional, this was strengthened to
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in [1]. It was an open question whether there is 0 < ¢ < 1 such that y(X,)= ¢ Vk
holds for any k-dimensional space X,. By constructing spaces with projection
constants as mentioned above, we answer this question negatively. To find
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spaces with very large projection constants, the question of equality y(Xx, Y,)=
f(k,n) in (1) was investigated in Theorem 2 of [1] in the case of Y, =[,. The
following characterization is an extension of this result.

THEOREM 1. Let | <k < n. Then the following are equivalent:

(a) There is a subspace X« of I, such that y(X.)= f(k, n).

(b) There is an operator T:l,— 1, with nuclear norm v(T)=1 and
eigenvalues y(T)= - =y (T)=f(k,n)k and . ((T)= ' =v,(T)=
(1 - f(k,n))/(n — k) — one eigenvalue being k-fold, the other (n — k)-fold.

(c) There is a projection P:l,— 1, with P=(p;), pi =k/n and |p;|=
UnVk(n—k)(n=1) forij=1,...n, i#].

(d) There are ‘“equiangular” vectors xi,...,x, €l with |x
[(x, %) =V(n—k)k(n—=1) fori,j=1,...,n, i#]

(e) The approximation numbers of 1d, :1,— I, are given by
an(1d) =1+ Vk(n-D/(n—k)) "

Here ( , )denotes the usual scalar product in R" or C”; theorem 1 holds for
real as well as complex spaces. Clearly, matrices P or vectors x; with (c) or (d)
might exist in the complex case without existing in the real case, e.g. for k =2,
n =4. Recall the approximation numbers of an operator TE€ L(X,Y) are
defined by

2:1 and

a,(T):=inf{||T - TiJ|| T.EL(X, Y), rank T, <k}, kEN.

The best approximation operators in (e) are multiples of the projection P in (c)
which projects onto X, = P(I}) with | P|| = y(Xi) = f(k, n).

ProoF. It was shown in [1] that (a) to (c) are equivalent except that (c) was
formulated for reflections A, A°=1d, which are related to projections P by
A =2P —1d. Moreover it was shown that A and thus P necessarily have to be
selfadjoint.

(c) = (d). Since tr(P) = k and P (as a projection) only has eigenvalues 0 and 1,
Xi:=Im(P) is k-dimensional. Let e; denote the unit vectors in [/, and
x,-:=\/WCPe.-, i=1,...,n Hence x; € X, with

l(xi:xi)l =nlk I(Pei’Pei)| = n/k|(Pe, e;)l =nlk |P-‘i|

which is 1 for i =j and equal to V(n —k)/k(n —1) for i#j.
(d) = (e). Consider

Usi=(1+ Vn = kyk(n = D) (5, %)y 1i 1.
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Since x; € I}, rank U, = k. Thus
ak+](IdZ l:.—‘) l:)é "Id - Uk : ll,—> l:"

= ,gl,.fg" |85 — (Ui)y |

=1+ Vk(n - Ditn—k))™.

The reverse inequality is always true, cf. [4].

(e) = (c). This was shown in Theorem 3 of Melkman [4]. The best approxima-
tion operator also yields a best approximation of Id:l,— %, 2= p <w; by
multiplying with a suitable constant c,, the best approximation operator is a
multiple of the projection P of (c). (J

REMARKS. (i) Some cases of (k,n) where matrices P with (c) exist were
considered in [1], however no case with k - and k/n—0.

(ii) Gerzon observed that n equiangular vectors x; € [ can exist only for
n = k(k +1)/2 in the real and n = k* in the complex case, cf. Lemmens-Seidel
[2]. To see this, note that the selfadjoint maps P:=x Q% are linearly
independent in L(I3) since

(43

| .
det(<P.-,P,->)=det(tr(PJ’,))=det( )

o’ 1
=(1-a’y 1+ (n—-1Da’)#0

with a®:=|(x;, x;)|" < 1. In the real case, the bound n = k(k +1)/2 is attained
e.g. for k =3 by the n =6 diagonals of the ikosahedron and for k =7 by the
n =28 vectors in the hyperplane [2{_, z; = 0] of R* having 2 coordinates equal to
3 and 6 coordinates equal to —1.

(iii) In the real case, for k < n/2, one has the additional restriction that
Vk(n —1)/(n — k) should be an odd integer if (a)-(e) hold, cf. [2]. In this case,
f(k,n)€ Q. For k = n/2 this restriction is not necessary, as the case k =3, n =6
shows [[x:].=1, |(x:, x;)| = 1/ V5.

We now construct badly complemented subspaces of [ by finding vectors
which almost satisfy the equiangularity condition (d).

THEOREM 2. Let k be a prime and n = k>. Then the vectors

k

y,-:=k"’z(exp(gkll{slj+sgj2})> ecr,

sg.sp=1



184 H. KONIG Isr. J. Math.

j=1,....k span a complex k-dimensional subspace X of I, with projection
constant y(X,)= Vk-1/Vk+1/k.

LeEmMMA 1. Let k be a prime number and s,, s, € Z be not both multiples of k.
Then

, 2
,-Zx exp (_k—(s'j + Szjz)) l =Vk,

for s, =k, the value of the sum is zero, of course.

This simple lemma can be checked by direct evaluation of the absolute value;
it is a special case of a result of A. Weil [7]. An extended version was used by
Maiorov [3] to find good estimates for ax..(Id: 1, — I7).

PROOF OF THEOREM 2. For s =(s,,5)E{l,..., kY, let

x:=k™'” (exp (2—,?{s,j + Szjz})>

Then ||x, |.=1 and for s =(s1,8,) # (i, 1.) =1t

k

7

eC*.
=1

,2 exp(z—;ii{(sl ~H)j+(s:— t2)j2}> l =1/Vk

®  lexl=g

by Lemma 1. Consider P:=1/k((x,,x.))..:1~— 17 and let X,:=Im(P). Since
x, EC* and ((x,,x)) contains a rank k submatrix for s,=1t, =k, we have
dim X, =rank(P) = k. Let

T:=P—(1/k — /k™)d: 15— .
All entries of T have absolute value =k *?; thus we have
v(T)= 2 sup|To| = Kk ™ = k™,
tr(T: X, = Xi) = tr(P)— (1/k = 1/k*)tr (Id: X, = Xi)
=k-1+1/Vk

for the nuclear norm of T and the trace. Clearly

WX = X) e Vi 1k
v(T)

To prove the reverse inequality, note that P is a projection because the vectors

y(Xu)z
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. k
yi=k™” (eXP (%,?{sli + Sziz})> ec

s1,52=1

satisfy (y;, y:) = k8, since
k .
) exp(z—;r-l(i—l)sl) =0, 1=j#l=k
s;=1

Moreover, in each row of P = (p.) there are (k — 1) zeros: fixing s = (51, 5.), one
has p, =0 for all t =(t,s;) with 1 =, # s, = k. Hence we find for X, CI;

Y(X) =[P =max 3 |ps,|§%(1 +(k> = k)Vk) = Vk-1/Vk+1/k.

If Y denotes the matrix with columns yi,..., y«, we have rank Y = k and
Xi =Im(P)=Im(YY*)=Im(Y),
i.e. Xx is spanned by the vectors yi,..., Y. 0

REMARK. The value of |(xi,x)|=V(n—k)k(n-1)=1/Vk+1 in (d) of
Theorem 1 was not quite attained by our vectors x, ; instead, a few scalar
products were 0, but most of them were of absolute value 1/Vk.

We now turn to the real case. The problem of equiangular lines and its
connection to graph theory, group theory and combinatorial geometry has been
studied extensively, cf. Lemmens-Seidel (2], Seidel [5], and Taylor [6].

THEOREM 3. Let p#2 be a prime, q =p™ for some m EN, k =g°—q +1,
n =q’+ 1. Then there is a real k-dimensional subspace X, of I with projection
constant
q’+1

1 _
Y(Xe)=flkon)="7 2 Vk=5(1+1/k).

PrOOF. Taylor ([6], Theorem 6.1, Example 6.5) constructed n equiangular
vectors x; € R“ satisfying (d) of Theorem 1,

3) Ixilh=1, [(x,x)[=1/q =V(n=k)k(n—-1), i#],

for the above values of k and n, cf. also [2] and [5] for the translation of the
graph- and group-theoretical language into (3). Theorem 1 is directly applic-
able. a

There seems to be no explicit description of the vectors x; and thus of the
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vectors spanning X, in this case, although the existence is guaranteed. A
somewhat more concrete construction was given by Lemmens-Seidel [2],
Theorem 3.1, which for the projection constants yields similar information,
although (d) of Theorem 1 is not quite satisfied:

THEOREM 3. Let ¢ =2", mE€N, k=q*+q+1, n=q(q’+q+1). Then
there is a real k-dimensional subspace X, of I, the projection constant of which
satisfies

V=121 + 1/VE) = y(X) = Vk—1/2(1 - 4/Vk).

PrOOF. We first indicate Lemmens-Seidel’s construction of vectors x; € R*
with ||x; ), =1and |(x;, x;)|=1/(g + D for i#j,i,j =1,...,n,cf. [2]. Let N be the
line-point incidence matrix of the projective plane of order g =2". This is a
k X k matrix containing in each row and each column exactly q +1 ones and
zeros otherwise; mutual scalar products of different rows are one. Fix a ¢ X g
Hadamard-matrix W (with entries +1 and W? = q Id, e.g. the Walsh matrices)
and replace in each row of N exactly q of the ones by the q columns of W and
the remaining (g + 1)st one by a column of q ones. The zeros are replaced by
g-columns of zeros. This yields a gk Xk =nXk matrix M. Let M=
1/Vq + 1M. The n rows xi,...,x, ER* of M then satisfy ||x,[. =1, |(x;, x;)| =
1/(g +1) for i#j. M has rank k since already N has rank k because

q+1 1

(detN)2=det(NN')=det( ) =qg*Y(q+ 1) #0.

1 q+1
Let P =1/gMM"' = 1/q((x;, x;))ij=1: 1»— I and Xi:=Im(P)C . Since rank M =
k, X. is k-dimensional and spanned by the columns of M, since X, =
Im(MM') = Im(M). Each of these columns consists of ¢g°+ q elements * 1 and
q’ elements 0. In simple cases, e.g. k =7, n =4, it is easy to write down these
spanning vectors explicitly. Anyhow, consider

T=P—(l/qg—-1Yq(g+ 1) =(t):I.=> 5.

Then | ;| =1/q(q + 1) for all i,j = 1,..., n. Similarly, as in the proof of Theorem
2, we find

to(T: X = Xi) _ n/q —(1/q —1/q(g + 1))k
v(T) - n/q(q +1)

=q=Vk-1/2(1+1/Vk).
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The upper bound is by the general formula (1)

Y(X) = f(k,n)=q+1/g = Vk~1/2(1~4/Vk).

By the way, P is not a projection in this case although it is very close to one in
the sense that it has eigenvalues 1+1/q, each (k —1)/2-fold, one eigenvalue 1
and the remaining eigenvalues 0. d

In both real cases, n ~ k**. Since by remark (ii) after Theorem 1 we have
necessarily n = k(k +1)/2 (R) or n = k* (C) if (a) to (e) of Theorem 1 hold, for
larger values of n it follows that

¥ (X, Yo) < f(k, n).

Since f(k, n) is increasing in n, this motivates the

QuesTioN. It is true that for any k-dimensional space X
k(k +1)/2 R}
?

Y(Xi) = f(k,n(k))  with n(k):=[
k? C

Even for k =2, y(X¥)=4/3 and y(XE)= (1 + V3)/2 seems to be unknown;
there are spaces attaining these bounds. A positive answer would mean that
Y(Xi) = Vk— ¢/Vk for some absolute constant ¢ >0 in the real and complex
case, i.e. the example of Theorem 2 would be in a sense worst possible.

Note added in proof. The construction in Theorem 3’ can be modified to find
spaces X, with 1-unconditional basis with A (X,)= Vk-1. In fact, if (zi)i=t,.k
are the rows of the incidence matrix N, let X, denote R* equipped with the norm

lx|l:= sup (z,|x|).
1sj=k

Clearly X, inbeds isometrically into I%(Ii), and the relative projection constant
of X, in this spaceis Zq = V'k— 1. This can be seen by replacing T in the proof
of Theorem 3' by

T= (Zjizkl (1 - Sik)sil)ji,kl : lu;(l}c)'—> l:(l}c)
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